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A vending machineg

1 Insert coin(s)1. Insert coin(s)

2. Choose tea or coffee

3 P t th th3. Put the cup on the 
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4 Drink is ready read4. Drink is ready
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Printer data buffer
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A printerp
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The printer receives data from the buffer, and print it out. Once 
h i i d h i i d i dthe printout is ready, the printer is ready to receive new data. 

While printing, the paper can jam and need to be fixed before 
the printing process can resume.



A slot machine

1. Insert coin

7 7 7 7 7 2. Pull handle

3 Win if the combination is good3. Win if the combination is good, 
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Modeling recapg p

• Events are time-abstract.

• Just like modeling of continuous systems, the 
level of detail is ‘modeler dependent’level of detail is modeler dependent .

• Events are not necessarily equipped with any 
notion of ‘internal-external’ or ‘input-output’notion of internal-external  or input-output .

• Compositionality is possible (to be discussed 
later)later).

• There can be non-determinism.



Transition systemsy



Transition systemsy
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Execution of transition systemsy



Automata



Automata
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Execution of automata



Regular languagesg g g



Regular languagesg g g



Regular languagesg g g



Regular languagesg g g



Regular expressionsg p



Accessibilityy



Blocking propertyg p p y



Co-accessibilityy



Co-accessibilityy



Composition of automatap



Composition of automatap
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Composition of automatap



Composition of automatap



Composition of automatap
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Composition and languagesp g g



Examplep
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Composition and languagesp g g



Input – output automatap p



Input – output automatap p



Input – output automatap p



Transition Systems
A transition system  

)  O, , Σ, Q, (T ⋅→=
consists of 

A set of states Q
A set of events 

)  O, , Σ, Q, (T →

oΣ q A set of events 
A set of observations O
The transition relation
The observation map 

0o

2

σ

1 qq →

Σ
0q 

01 oq =
σσ

The observation map 

Initial or final states may be incorporated

1q 2q 0o0o
01 oq

σσInitial or final states may be incorporated
The sets Q,    , and O may be infinite
Language of T is all sequences of observations

Σ

3q 4q 1o 2o

σσ

3q 4q1 2



A painful example
The parking meter

0 1 2 3 604 5

5p
5p

5p

exp act actactact actact
tick tick tick tick tick tick tick

tick 5p

exp act actactact actact

States Q ={0,1,2,…,60}

Events  {tick,5p}{ , p}

Observations {exp,act} 

A possible string of observations  (exp,act,act,act,act,act,exp,…)



A familiar example

)  O  Σ Q (TΔ

Δ
 T  System Transition

)  O, , Σ, Q, (TΔ
 ⋅→= nRX  Q  set State ==

mR U Σ  set Label ==

pR Y O   set nObservatio ==

Cxx  Map nObservatio Linear =

1TΔ
kk1k BuAxx +=+

kk Cxy =

XUX   Relation Transition ××⊆→

BuAxx  xx
u

+=⇔→kky BuAxx  xx 1221 +=⇔→



Loose Control…

)  O  Σ Q (TΔ

Δ
1  T  System Transition

)  O, , Σ, Q, (TΔ
Σ ⋅→= nRX  Q  set State ==

} 1{  Σ  set Label =

pR Y O   set nObservatio ==

Cxx  Map nObservatio Linear =

1TΔ
kk1k BuAxx +=+

kk Cxy =

X{1}X   Relation Transition ××⊆→

BuAxx  with   u  xx
1

+=∃⇔→kky BuAxx  with   u  xx 1221 +=∃⇔→



Keep time….

)  O  Σ Q (TΔ

Δ
N T  System Transition
+

)  O, , Σ, Q, (TΔ
Σ ⋅→= nRX  Q  set State ==

+= N Σ  set Label

pR Y O   set nObservatio ==

Cxx  Map nObservatio Linear =

1TΔ
kk1k BuAxx +=+

kk Cxy =

XNX   Relation Transition ××⊆→ +

k   with  u,...,u  1-k0∃
kky

  xx 21 ⇔→
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Loose control and time…

)  O  Σ Q (TΔ

Δ
τ T  System Transition

)  O, , Σ, Q, (TΔ
Σ ⋅→= nRX  Q  set State ==

} τ{  Σ  set Label =

pR Y O   set nObservatio ==

Cxx  Map nObservatio Linear =

1TΔ
kk1k BuAxx +=+

kk Cxy =

X } τ{ X   Relation Transition ××⊆→

τ   with  u,...,u   and  k  1-k0∃∃
kky

  xx 21 ⇔→
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Finite Observations

)  O  Σ Q (TΔ
 Systems Transition All

)  O, , Σ, Q, (TΔ
Σ ⋅→=

}o,...,o,{o O  nsObservatio Finite p21=

OX:x  Map  Polyhedral →

1o 2o
3o

0bxa ii =+

1TΔ
kk1k BuAxx +=+

kk Cxy =
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4o

o
7o

kky
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Keep continuous time….

)  O  Σ Q (TΔ

Δ
R T  System Transition
+

)  O, , Σ, Q, (TΔ
Σ ⋅→= nRX  Q  set State ==

+= R Σ  set Label

pR Y O   set nObservatio ==

Cxx  Map nObservatio Linear =

1TΔ
BuAxx' +=

Cxy =

XRX   Relation Transition ××⊆→ +

t
  with  u  t][0,∃y

  xx 21 ⇔→
u(s)dsBexex 
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Loose continuous time….

)  O  Σ Q (TΔ

Δ
τ T  System Transition

)  O, , Σ, Q, (TΔ
Σ ⋅→= nRX  Q  set State ==

} τ{  Σ  set Label =

pR Y O   set nObservatio ==

Cxx  Map nObservatio Linear =

1TΔ
BuAxx' +=

Cxy =

X} τ{ X   Relation Transition ××⊆→

τ
  with  u   and  t t][0,∃∃y

  xx 21 ⇔→
u(s)dsBexex 

t

0

)st(A
1

At
2 ∫ −+=



Transition Systems
A region is a subset of states  Q P ⊆

We define the following operators

σ
p}q    Pp|Q{q(P)Pre

σ

σ →∈∃∈=

p}q    Pp    Σσ|Q{qPre(P)
σ
→∈∃∈∃∈= p}qp|Q{q( )

σ
q}p    Pp|Q{q(P)Post

σ

σ →∈∃∈=

q}p    Pp    Σσ|Q{qPost(P)
σ
→∈∃∈∃∈= qppq



Transition Systems
We can recursively define

(P)Pre(P)Pre σ
1
σ =

(P))(PrePre(P)Pre 1-n
σσ

n
σ =

Similarly for the other operators.  Also  

U n* (P)Pre(P)Pre = U
Nn

(P)Pre(P)Pre
∈

U
N

n* (P)Post(P)Post =
Nn∈



Basic safety problems
Given transition system T and regions P, S determine

Forward ReachabilityForward Reachability

Postã(P)∩ S6=∅Post (P)∩ S6=∅

Backward ReachabilityBackward Reachabilityyy

P ∩ Preã(S)6=∅



Forward reachability algorithm

Forward Forward ReachabilityReachability AlgorithmAlgorithm

initialize R := Pinitialize   
while    TRUE     do

if               return UNSAFE ; end if;
if t SAFE d if

R ∩ S6=∅
Post(R) ò Rif                return SAFE   ; end if;

end while
R := R∪ Post(R)

Post(R) ò R

If T is finite, then algorithm terminates (decidability).
Complexity : O(nI+mR)Complexity : O(nI+mR)

reachable
transitions

initial
states



Backward reachability algorithm

Backward Reachability AlgorithmBackward Reachability Algorithm
initialize   R := S

while    TRUE     do
if                     return UNSAFE ; end if;
if                     return SAFE   ; end if;

R ∩ P 6=∅
Pre(R) ò R ; ;

end while
R := R∪ Pre(R)

( ) ò

If T is infinite  then there is no guarantee of terminationIf T is infinite, then there is no guarantee of termination.



Algorithmic issues
Representation issues

Enumeration for finite setsEnumeration for finite sets
Symbolic representation for infinite (or finite) sets

Operations on sets
Boolean operations
P  d P st mp t ti s ( l s ?)Pre and Post computations (closure?)

Algorithmic termination (decidability)g ( y)
Guaranteed for finite transition systems
No guarantee for infinite transition systems


