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ABSTRACT

by individual users to provide real-time services more efficiently. Examples include smart grids with advanced metering capabilities [15], intelligent transportation systems exploiting users location traces [11], or real-time population
health monitoring systems [16]. The privacy concerns associated with the deployment of such pervasive monitoring
networks have often been overlooked, in view of the many
promised benefits. However, with certain recent setbacks
in the rollout of smart meter projects for example, it is becoming increasingly clear that not addressing these concerns
rigorously at design time puts at real risk the adoption of
these technologies.
In contrast to these real-time systems, there is extensive
work in the statistics and database literature on disclosure
limitation and privacy-preserving publication of data [5, 6].
In particular, the recently proposed notion of differential
privacy [2, 6, 8] has been adopted in many works as a definition of privacy offering quantitative guarantees. This notion
characterizes certain randomized algorithms that produce
answers to statistical queries according to a distribution that
is not very sensitive to the presence or absence of the data
of any single individual. As a result, people contributing
their data to a database are guaranteed that they are not
dramatically increasing the ability of an adversary to infer
private information about them, even by linking the released
answers to the queries to other available sources of information.
Previous work on privacy for dynamic systems addressed
the problem of releasing time-series, with or without realtime constraints, under various definitions of privacy [3, 9,
13,14,18]. In this paper however, we consider the problem of
releasing a model, rather than actual signals, capturing the
aggregate dynamic behavior of a large number of participants, while restricting the accuracy with which the dynamics of any single participant can be inferred. Such models are
useful for system simulation, forecasts, or control design. For
example, consider an Independent System Operator (ISO)
in an electricity market requesting from industrial producers
and consumers a model of how fast and by how much they
would ramp down and up their production and consumption
when exposed to fluctuating spot prices, in order to implement a stable demand response scheme [17]. By observing
the actual operation of such a scheme, .e.g., through the
temporal behavior of electricity prices, it might be possible
to infer some information about these confidential models,
such as the equipment owned by specific companies or the
value they extract from consuming a certain amount of electricity.

New solutions proposed for the monitoring and control of
large-scale systems increasingly rely on sensitive data provided by end-users. As a result, there is a need to provide
guarantees that these systems do not unintentionally leak
private and confidential information during their operation.
Motivated by this context, this paper discusses the problem of releasing a dynamic model describing the aggregate
input-output dynamics of an ensemble of subsystems coupled via a common input and output, while controlling the
amount of information that an adversary can infer about the
dynamics of the individual subsystems. Such a model can
then be used as an approximation of the true system, e.g.,
for controller design purposes. The proposed schemes rely
on the notion of differential privacy, which provides strong
and quantitative privacy guarantees that can be used by individuals to evaluate the risk/reward trade-offs involved in
releasing detailed information about their behavior.

Categories and Subject Descriptors
K.4.1 [Computers and Society]: Public Policy Issues—
Privacy; I.2.8 [Artificial Intelligence]: Problem Solving,
Control Methods, and Search—Control theory; C.3 [SpecialPurpose and Application-Based Systems]: Signal processing systems

General Terms
Security, Algorithms
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1.

INTRODUCTION

Many emerging large-scale monitoring and control systems are expected to leverage vast amount of data provided
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η ∈ Rn
>0 ,

After some preliminaries on differential privacy in Section
2, we formulate in Section 3 a simple aggregate model release
scenario of the type described in the previous paragraph,
involving linear scalar dynamics to describe the individual
subsystems. Three schemes preserving differential privacy
for the subsystems are then proposed, based respectively on
perturbation of the parameters of the transfer function, on
perturbation of the Markov parameters or impulse response
of a sampled version of the model, and on sampling and perturbing the frequency response. The ability of these schemes
to capture accurately the global input-output behavior of the
aggregate system is then discussed using simulated examples
in Section 4.

2.
2.1

Adjηr (x, x0 ) iff for some i,

The relation is undefined is min{kxi ki , kx0i ki } = 0 in (3).
Note that a differentially private mechanism for this adjacency relation produces similar outputs if a single participants changes its data from xi to any x0i = xi (1 + η̃i ), with
|η̃i | ≤ ηi .
A fundamental property of the notion of differential privacy is that no additional privacy loss can occur by simply
manipulating an output that is differentially private without looking back at the original data. This result is similar
in spirit to the data processing inequality from information
theory [4]. To state it, recall that a probability kernel between two measurable spaces (R1 , M1 ) and (R2 , M2 ) is a
function k : R1 × M2 → [0, 1] such that k(·, S) is measurable for each S ∈ M2 and k(r, ·) is a probability measure
for each r ∈ R1 .

Definitions

We first introduce the notion of differential privacy [7, 8],
which is a property of certain mechanisms accessing datasets
containing private information to answer queries. Let us
fix some probability space (Ω, F, P). Let D be a space of
datasets of interest. A mechanism is just a map M : D ×
Ω → R, for some measurable output space (R, M), where
M denotes a σ-algebra, such that for any element d ∈ D,
M (d) is a random variable. A mechanism can be viewed as
a probabilistic algorithm to answer a specific query q, which
is a map q : D → R.
Differential privacy is defined with respect to a choice of
symmetric binary relation Adj on D, called adjacency, defined so that Adj(d, d0 ) if and only if d and d0 differ by the
data of a single participant. A differentially private mechanism produces randomized outputs, with a distribution that
does not change much for two adjacent datasets. As a result,
an individual choosing to contribute its data is guaranteed
that this choice won’t dramatically increase the ability of an
adversary to infer additional private information about him.

Theorem 1 (Resilience to post-processing). Let
M1 : D × Ω → (R1 , M1 ) be an (, δ)-differentially private
mechanism. Let M2 : D × Ω → (R2 , M2 ) be another mechanism, such that there exists a probability kernel k : R1 ×
M2 → [0, 1] verifying
P(M2 (d) ∈ S|M1 (d)) = k(M1 (d), S), a.s.,

(4)

for all S ∈ M2 and all d ∈ D. Then M2 is (, δ)-differentially
private.
A proof of this theorem can be found in [13]. Note that
in (4), the kernel k is not allowed to depend on the dataset
d. In other words, this condition says that once M1 (d) is
known, the distribution of M2 (d) does not further depend
on d. The theorem shows that a mechanism M2 accessing
a dataset only indirectly via the output of a differentially
private mechanism M1 cannot weaken the privacy guarantee. Hence post-processing can be used freely to improve
the accuracy of an output, without having to worry about a
possible loss of privacy.

Definition 1. Let D be a space equipped with a symmetric
binary relation denoted Adj, and let (R, M) be a measurable
space. Let , δ ≥ 0. A mechanism M : D × Ω → R is (, δ)differentially private if for all d, d0 ∈ D such that Adj(d, d0 ),
we have

2.2

(1)

Basic Mechanisms for Numerical Queries

Two basic mechanisms [7, 8], introduced in the next theorem, achieve differential privacy by additively perturbing
the answers to numerical queries. They involve the following notion of sensitivity of a query.

If δ = 0, the mechanism is said to be -differentially private.
In this paper, the input data of the participants belongs
to a vector space. We now introduce two adjacency relations
that are useful for this situation. They bound the variations
allowed in the individual input data for which the condition
(1) can be guaranteed. Let the space of datasets of interest
for n participants be a product vector space D = D1 × . . . ×
Dn , where Di is equipped with a norm k · ki . Let x, x0 ∈ D
and ρ ∈ Rn
>0 . The first binary relation controls the absolute
variation
Adjρa (x, x0 ) iff for some i,kxi − x0i ki ≤ ρi ,

(3)

and xj = x0j , ∀j 6= i.

TOOLS FOR DIFFERENTIAL PRIVACY

P(M (d) ∈ S) ≤ e P(M (d0 ) ∈ S) + δ, ∀S ∈ M.

kxi − x0i ki
≤ ηi ,
min{kxi ki , kx0i ki }

Definition 2. Let D be a space equipped with an adjacency relation Adj, and R be a normed vector space with
norm k · kR . The sensitivity of a query q : D → R is defined
as ∆q := maxd,d0 :Adj(d,d0 ) kq(d) − q(d0 )kR . In particular, for
P
1/p
k
p
R = Rk equipped with the p-norm kxkp =
i=1 |xi |
for p ∈ [1, ∞], we denote the `p sensitivity by ∆p q.
Next, recall that the Laplace distribution with mean zero
and scale
b, denoted Lap(b), has density p(x; b) =
 parameter


(2)

and xj = x0j , ∀j 6= i.

1
2b

Many algorithms, notably in numerical analysis, have a sensitivity that is typically measured by relative variations rather
than absolute variations, see, e.g., [19]. To capture these situations, we also introduce the following binary relation, for

exp − |x|
b

and variance 2b2 . Moreover, for w ∈ Rk with

wi iid and wi ∼ Lap(b),
denoted
w ∼ Lap(b)k , we have


kwk1
1 k
p(w; b) = ( 2b ) exp − b
, E[kwk1 ] = b, and P(kwk1 ≥
tb) = e−t . The multidimensional normal distribution with
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mean µ and covariance matrix Σ is denoted N (µ, Σ). Finally, the Q-function is defined as
Z ∞
u2
1
Q(x) := √
e− 2 du.
2π x

shows in particular that if the data of user i consists of a
single positive number xi , letting each user release λi xi with
λi ∼ ln-Lap(ηi /) or λi ∼ ln-N (0, κ(δ, )2 ηi2 ) guarantees or (, δ)-differential privacy for (3) respectively.

Theorem 2. Let q : D → Rk be a query. Then the
Laplace mechanism Mq : D × Ω → Rk defined by Mq (d) =
q(d) + w, with w ∼ Lap (b)k and b ≥ ∆1 q is -differentially
private. the Gaussian mechanism Mq : D × Ω → Rk defined
by Mq (d) = q(d) + w, with w ∼ N 0, σ 2 Ik , where σ ≥
√
∆2 q
(K + K 2 + 2) and K = Q−1 (δ), is (, δ)-differentially
2
private.
√
1
For the rest of the paper, we define κ(δ, ) = 2
(K+ K 2 + 2).
Note
p that it can be shown that κ(δ, ) can be bounded by
2 2 ln(2/δ)/.

3.

2.2.1

|q(d0 ) − q(d)|
|q(d)|
|q(d0 ) − q(d)|
,
≤
min{|q(d)|, |q(d0 )|}

≤

using the fact that ln x ≤ x − 1 for all x > 0. Suppose now
that there exists γ such that for all d, d0 ∈ D,

Adjηr (d, d0 ),

where [n] := {1, . . . , n}. The group produces a measured
aggregate scalar output signal y : R+ → R, which is a linear
combination of the n individual states

where c ∈ Rn is a known vector. For example, u could correspond to a price signal, the individual states to deviations
with respect to a nominal consumption level (with bi ≤ 0),
which react to price changes with some inertia, and we could
measure the total consumption, i.e., c = 1n .
Each individual user is willing to provide his parameters
ai , bi to a data aggregator, which then publishes a version
Ĝ of the single input single output (SISO) system G(s) =
cT (sI − A)−1 b, describing the relationship between the common input and the aggregate output. Once released, this
model can then be used by anyone to predict how the global
system responds to a given input u. In particular, an adversary with access to the published model Ĝ is allowed to use
any test input u and read the corresponding output y to try
to estimate the parameters ai , bi of any specific participant.
This adversary could have access to arbitrary side information for this purpose, e.g., he could know the parameters
aj , bj of all the participants except i.
In order to encourage participants to provide their parameters to the data aggregator, we wish to make the mechanism
releasing the global system model (, δ)-differentially private,
n
for the following adjacency relation on D = Rn
>0 × R

To conclude this section, we introduce a multiplicative
perturbation mechanism, which can be useful to handle relative variations as in (3), and also to maintain sign consistency between an original real-valued query and the result
provided by the mechanism. This last feature in particular
is used in Section 3.1 to maintain the stability of a dynamic
model while perturbing its poles.
Consider a query q : D → R>0 . We would like to design a
differentially private mechanism that preserves the positivity
of the output. We have, for two datasets d, d0


q(d0 )
| ln q(d0 ) − ln q(d)| = ln
q(d)

0

ẋi = −ai xi + bi u, xi (0) = x0,i ∈ R, ai > 0, ∀i ∈ [n],

y = cT x,

A Sign-Preserving Mechanism Adapted to Relative Variations

|q(d0 ) − q(d)|
kd0 − dk
≤γ
.
0
min{|q(d)|, |q(d )|}
min{kdk, kd0 k}

DYNAMIC MODEL PUBLICATION

In the rest of this paper, we consider the following scenario. A group of n users responds to a common scalar
input signal u : R+ → R, according to their own dynamics
described by a stable scalar first order differential equation

(5)

Adjη,ρ ((a, b), (â, b̂)) iff Adjηr (a, â) and Adjρa (b, b̂),

(6)

0

In particular, for d, d such that
we have kd −
dk = kdi −d0i ki for some i, and moreover kdk ≥ kdi ki . Hence
finally

Rn
>0

Adjηr

Adjρa

are defined in (3) and
and
where η, ρ ∈
and
(2) respectively. Note that we protect relative variations for
the location of the individual poles, which is more meaningful than absolute variations, e.g., due to the strong influence
of the distance of the poles to the imaginary axis on the dynamics of the system.
The transfer function of the overall system is

| ln q(d0 ) − ln q(d)| ≤ γ max ηi =: Γ.
1≤i≤n

From Theorem 2, the mechanism M1 (q) = ln q(d) + Y ,
with Y ∼ Lap Γ , is -differentially private, and is (, δ)differentially private if Y ∼ N (0, κ(δ, )2 Γ2 ). Taking exponentials and using Theorem 1, we obtain the following result,
where λ = exp(Y ).

G(s) =

n
X
ci b i
.
s
+ ai
i=1

(7)

Its order is bounded by n, the number of participants, which
is assumed to be large. The data for the participants such
that ci = 0 can immediately be discarded, so without loss
of generality, we can assume ci 6= 0, ∀i. Up to a linear state
−1
transformation by n1 diag(c−1
1 , . . . , cn ), we can moreover assume from now on that ci = 1/n, ∀i, which will simplify
the notation. Here the normalization factor 1/n is chosen to
study the performance of the mechanisms more conveniently
as n grows.

Theorem 3. Let q : D → R>0 be a query satisfying (5).
Then the mechanism M (d) = λq(d) is -differentially private
for (3) if λ ∼ ln-Lap(Γ/) is a log-Laplace random variable,
and is (, δ)-differentially private if λ ∼ ln-N (0, κ(δ, )2 Γ2 )
is a log-normal random variable.
Bounds of the form (5) are frequent in numerical analysis
[19]. In the following however, we use this mechanism in its
most simple form, with D = R>0 and q = id. Theorem 3
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3.1

Parameter Perturbation

participant. Then

The first mechanism (generally called an input perturbation mechanism in the literature on differential privacy),
consists in letting each participant perturb its own data to
satisfy the differential privacy property directly, without relying on a central server. A mechanism releasing the scalars

kv − v̂k1 =

Since this quantity scales as 1/n (for N fixed), the MSE between the original impulse response and the perturbed one
scales as 1/n2 , which is an improvement over the scaling in
Section 3.1. However, we still need to reconstruct a system approximation from the perturbed Markov parameters,
which can be very sensitive to the presence of noise and
therefore can cancel the benefits of the scaling. To pursue
the computation of the sensitivity, we now make the following additional assumption on the location of the parameters
of the system.

with µi , λi chosen as in Theorems 2 and 3, is 2- or (2, 2δ)differentially private respectively, depending if Laplace or
Gaussian random variables are used. According to Theorem
1, we can then publish the model
n
1 X b̂i
n i=1 s + âi

(8)

to achieve 2- or (2, 2δ)-differentially privacy.
This approach however can add an excessive amount of
noise in some common situations. As an illustration, suppose that all users have the same transfer function 1/(s + 1).
Then G(s) = 1/(s + 1). Now, even if only the parameters
bi were to be protected, thus allowing us to leave âi = 1 for
all i in (8), we would get
Pn
1
i=1 µi
G(s) − Ĝ(s) =
,
s+1
n

Assumption 1. There are publicly known scalars κa , κb >
0 such that ai ≥ κa and |bi | ≤ κb , for all i ∈ [n].
The following proposition, whose proof can be found in the
Appendix, bounds the `1 sensitivity. For the parameters
η, ρ appearing in the (3), we define ηm = maxi∈[n] ηi , ρm =
maxi∈[n] ρi .
Proposition 1. Under Assumption 1, we have

h (0.3 ηm κb + ρm )(1 − e−N κa h )
∆1 ≤
n
1 − e−κa h

i.e., the mean squared error (MSE) of this mechanism scales
as 1/n at low frequencies, whereas one can reasonably hope
to have schemes with an MSE approaching an 1/n2 scaling
in this case. Another issue in this case is that despite the
fact that the original system G is really of order 1, the model
with perturbed parameters âi remains of large order n = 100
with probability 1.

3.2

(9)

k=0

âi = λi ai , b̂i = bi + µi , 1 ≤ i ≤ n,

Ĝ(s) =

N −1
1 X
|βi αik − β̂i α̂ik |.
n

(10)

(0.37 ηm κb )(1 + (N − 1)e−N κa h − N e−(N −1)κa h )
.
(1 − e−κa h )2


+

¯ 1 denote the right-hand side of (10). Algorithm
Let ∆
1 summarizes our mechanism for publishing a differentially
private version of the global dynamical system. From a perturbed sequence of N Markov parameters, we reconstruct
an approximate version of G, using the MATLAB function
imp2ss, which implements a model realization algorithm using an impulse response, proposed initially by Kung [12]. A
discrete-time model is constructed first, and the sampling
period h is then used to reconstruct a continuous-time system using the inverse Tustin transform [1]. Note finally that
the mechanism is -differentially private, but the computations in the Appendix can be used to obtain the `2 sensitivity
and design an (, δ)-differentially private mechanism.

Impulse Response Perturbation

The next two schemes try to reduce of amount of privacypreserving noise by taking advantage of the fact that a single
term in (7) changes between two vectors of parameters adjacent according to (6). In this subsection, we produce a
differentially private version of the impulse response of the
system, and use it to rebuild a differentially private version
of G, using again Theorem 1. First, we sample the systems
with period h (using a zero-order hold), to obtain the difference equation
xi,k+1 = αi xi,k + βi uk ,
with αi = e−ai h , βi =

h

Z

e−ai τ dτ bi =

0

Algorithm 1 Dynamic Model Publication via Approximate
Realization
Require: h, sampling period; N , number of Markov parameters
¯ 1 /), i ∈ [n]
Generate νi ∼ Lap(∆
yi ← vi + νi , i ∈ [n]
Ĝ ← imp2ss(y, h)

1 − e−ai h
bi .
ai

We then aim at releasing the impulse response or Markov
parameters for the discrete-time system
v0 = 0, vk =

n
1X
βi αik−1 , k ≥ 1.
n i=1

Suppose that we wish to publish the first N non-trivial parameters v = [v1 , . . . , vN ]T . The Laplace mechanism asks
that we add to each component vk a random variable Yk
distributed according to Lap(∆1 /), where ∆1 is the `1 sensitivity
∆1 =

max
Adjη,ρ ((a,b),(â,b̂))

3.3

Frequency Response Perturbation

Instead of releasing the impulse response, it is perhaps
more intuitive to release a set of N samples of the transfer
function G, measured at a set of a priori fixed frequencies
ω1 , . . . , ωN , which can moreover be chosen in the frequency
range over which we wish to better approximate G. Let

kv − v̂k1 .

To compute this sensitivity, consider two adjacent parameter
vectors (a, b) and (â, b̂), differing say by the data of the ith

f = [G(jω1 ), . . . G(jωN )]
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be the vector in CN to be released. Equivalently, we want to
release the real and imaginary parts of f = [fR , fI ], where

Algorithm 2 Dynamic Model Publication via Frequency
Response Estimation
Require: ω, vector of frequencies to sample; np, number of
poles desired in the released model
¯ 22 ), i ∈ [n]
Generate νR,i ∼ N (0, κ(δ, )2 ∆
2 ¯2
Generate νI,i ∼ N (0, κ(δ, ) ∆2 ), i ∈ [n]
fˆR,i ← fR,i + νR,i , i ∈ [n]
fˆI,i ← fI,i + νI,i , i ∈ [n]
Ĝ ← tfest(fˆR + ifˆI , ω, np)

fR = [Re(G(jω1 )), . . . Re(G(jωN ))],
fI = [Im(G(jω1 )), . . . Im(G(jωN ))].
To compute the `2 sensitivity, consider the variation of the
parameters of say participant i. We then compute the change
in 2-norm
∆22,i =

N
X

[Re(G(jωk ) − Ĝ(jωk ))]2 + [Im(G(jωk ) − Ĝ(jωk ))]2

k=1

=

N
X

15

|G(jωk ) − Ĝ(jωk )|2

G
parameters perturbation
freq. response perturbation
perturbed samples

10

k=1
N
b̂i
1 X
bi
−
n2
jωk + ai
jωk + âi

2

5

.

(11)
Magnitude (dB)

=

k=1

We now analyze the terms of the sum (11).
2

bi
b̂i
−
jωk + ai
jωk + âi
=

2

=

(bi âi − b̂i ai ) + ωk2 (bi −
(a2i + ωk2 )(â2i + ωk2 )

b̂i )

2

−25 −2
10

2a2 (κ2 η 2 + ρ2 ) + ωk2 ρ2i
.
≤ i 2 b i 2 i2
(ai + ωk )(âi + ωk2 )

∆22 ≤

−1

0

10

10

1

10

Frequency (rad/s)

Figure 1: Examples of results produced by the
mechanisms based on parameter perturbation and
on reconstruction from noisy samples of the frequency response. The samples produced and used
by tfest in Algorithm 2 are denoted with circles.

≤ 1, we get the bound

N
2
+ ρ2m )
1 X 2(κ2b ηm
ωk2 ρ2m
+ 2
,
2
2
2
n
κ a + ωk
(κa + ωk2 )(κ2a + ωk2 )

−10

−20

2κ2b (âi − ai )2 + 2ρ2i a2i + ωk2 ρ2i
≤
(a2i + ωk2 )(â2i + ωk2 )

a2
i
2
a2
i +ωk

−5

−15

(bi (âi − ai ) + (bi − b̂i )ai )2 + ωk2 (bi − b̂i )2
(a2i + ωk2 )(â2i + ωk2 )

Now, using

0

(12)

k=1

under Assumption 1. Note in particular that sampling at
high frequencies contributes less to the sensitivity bound,
or equivalently, it is harder to publish information about
low frequencies than about high frequencies while achieving
differential privacy.
Algorithm 2 summarizes our mechanism based on fre¯ 22 denote the right-hand
quency response perturbation. Let ∆
side of (12). We first perturb the coordinates of the vector
(fR , fI ) using additive Gaussian noise with variance propor¯ 22 to achieve (, δ)-differential privacy. We then
tional to ∆
estimate a transfer function Ĝ based on this frequency response data, using the MATLAB function tfest [10]. This
function requires the user to specify the order np of the
model to produce, which should not be chosen too large
to avoid overfitting the perturbed values of the frequency
response. Note that this order should be chosen a priori
without taking the form of G into account, otherwise Theorem 1 would not apply.

4.

rad/s and 100 rad/s. We let n = 100,  = ln 3, δ = 0.05, ηi =
0.2, ρi = 0.5, ∀i ∈ [n].
The first example is similar to the case described in Subsection 3.1, with each user associated to the same transfer
function 1/(s+0.5), which is also equal to G. Sample models
produced by the parameter perturbation and frequency response perturbation are shown on Fig. 2. For these particular outputs, the errors measured by the H∞ -norm of the difference between the produced and original models are 1.397
for the parameter perturbation scheme and 0.043 for Algorithm 2. In this case the parameter perturbation method
produced a model with a large error at low frequencies.
The second example consists of a randomly generated
model, where the parameters ai and bi are generated independently across users according to uniform distributions
on the intervals [0.5, 5], and [0, 5] respectively. Sample outputs of the two mechanisms are reproduced on Fig. 2. In
this specific output, we see that the approximation quality
of the frequency response perturbation mechanism remains
good at low frequencies, but much worse than the parameters perturbation scheme at high frequencies. This is mainly
due to the fact that we use additive perturbations in Algorithm 2, which means that the noise tends to dominate the
magnitude of the transfer function when the latter is small.
Since in this case however the errors occur when the attenuation is already significant, the H∞ -norm of the model error

SIMULATIONS

In this section, we discuss in more details the performance
of two of the mechanisms previously presented, namely, the
parameter perturbation scheme of Subsection 3.1 and the
frequency response perturbation scheme of Subsection 3.3.
We fix a priori np = 5 in Algorithm 2, and a vector ω of
20 sampled frequencies logarithmically spaced between 0.1
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10

We now bound the variations in the parameters α1 , β1 . Again,
from the Taylor-Lagrange formula,

0

|α̂1 − α1 | = |e−â1 h − e−a1 h | ≤ ã1 he−ã1 h
Magnitude (dB)

−10

≤ 0.37 ηm ,
where ã1 = a1 + θ(â1 − a1 ) for some θ ∈ (0, 1), and we used
the fact that 0 < xe−x < 0.37, for all x > 0. Finally,

−20

−30

|β̂1 − β1 | =
−40

≤
−50

−60 −2
10

G
parameters perturbation
freq. response perturbation
perturbed samples
−1

0

10

10

−1 + e−ã1 h + ã1 he−ã1 h
|b̃1 | h |â1 h − a1 h|
ã21 h2

1 − e−ã1 h
h|b̂1 − b1 |
ã1 h
≤ 0.3 ηm κb h + ρm h,

1

10

2

10

3

10

where α̃1 = α1 + θ(α̂1 − α1 ), β̃1 = β1 + θ(β̂1 − β1 ), for some
θ ∈ (0, 1), and we used the fact that |(−1+e−x +xe−x )/x| <
0.3, for all x > 0.
Hence overall we get the bounds, for all k ≥ 0,

Figure 2: Examples of results produced by the
mechanisms for a randomly generated model. We
have kG − Ĝ1 k∞ = 1.53 and kG − Ĝ2 k∞ = 0.28, where
G1 is the model produced using parameter perturbation, and G2 is the model produced via perturbed
frequency response data.

|β̂1 α̂1k − β1 α1k | ≤ h(0.37 k α̃1k−1 κb ηm + α̃1k (0.3 ηm κb + ρm )),
and the result of the proposition follows from the formulas
N
−1
X

for the frequency response perturbation mechanism still remains much smaller than for the parameter perturbation
mechanism. The average H∞ error obtained over 1000 randomly generated systems was found to be 0.97 for the parameter perturbation mechanism and 0.29 for the frequency
response perturbation mechanism.

k=0

6.

N −1
1 + (N − 1)αN − N αN −1 X k
1 − αN
,
.
α =
2
(1 − α)
1−α
k=0
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